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Problem of interest

Variational Inequality problem:

Find x∗ such that 〈F (x∗), x − x∗〉 ≥ 0. for all x ∈ X.

X : Closed convex feasible region. The set of optimal solutions X∗ is nonempty.

F : X → Rn is a Lipschitz continuous operator, i.e., for some L ≥ 0,
‖F (x1) − F (x2)‖ ≤ L‖x1 − x2‖, for all x1, x2 ∈ X.

F : satisfies a generalized strong monotonicity condition, i.e., for some µ > 0,
〈F (x), x − x∗〉 ≥ µ‖x − x∗‖2, for all x ∈ X.

VIs with monotone operators have applications for policy evaluation in

reinforcement learning (RL) and nonlinear signal estimation in generalized linear

models (GLMs).

Observation Models

We operate under a stochastic observation model in which we obtain

inexact information about the operator F .

The stochastic oracle generates an estimator F̃ (x, ξ) ∈ Rn for a query point

x ∈ X , ξ being a random variable in Ξ with marginal distribution Π, and that

F (x) = E[F̃ (x, ξ)] =
∫

ξ∈Ξ
F̃ (x, ξ)dΠ(ξ). (1)

We have two observation models, the “i.i.d.”” model and the Markovian noise

model.

i.i.d. model: The samples {ξ0, ξ1, ...} are drawn i.i.d. from Π, so that we have

access to the independent operators F̃ (·, ξ1), F̃ (·, ξ2), . . ..
Markovian model: We consider the more challenging Markovian setting,

where {ξt : t = 1, 2, . . .} is a Markov process defined on Ξ, and Π denotes the

unique stationary distribution.

Challengewith Markovian samples

Dependence: Working with Markovian data iterative algorithms can get

dependent on the Markov chain leading to sub-optimal convergence.

In order to break this correlation a memory buffer was introduced.

Random sampling from the buffer breaks the harmful correlation.

Markovian Buffer

We assume that we are given a Markovian buffer of a fixed size from this

Markov process which has the form:

ξB = {ξk, 1 ≤ k ≤ B}. (2)

Our goal is to design an algorithm that carefully utilizes the samples most

effectively. In RL this buffer is called the “experience replay” [4].

Existing algorithm: Conditional Temporal Difference (CTD)

The authors in [1] explored the following stochastic approximation (SA)

method with skipping for solving stochastic VIs:

xt+1 = arg min
x∈X

η〈F̃ (xt, ξtτM
), x〉 + 1

2
‖xt − x‖2, for t = 0, 1, ..., (3)

where τM is the effective mixing time.

The update achieves i.i.d. rate of convergence for the stochastic error of

O(σ2 log k
k ), where k is the total iterations and σ2 is the noise level.

Implementation requires mixing information, which is computationally

expensive and sample consuming to obtain.

Goal of the work

Design an algorithm that achieves the i.i.d. convergence rate for the stochastic error

without estimating the mixing time.

Algorithm: Multiscale Experience Replay (MER)

We propose the following algorithm:

Algorithm 1Multiscale Experience Replay (MER)

Input: Memory Buffer {ξ1, ξ2, . . . , ξB}, Total number of epochs K .

for k = 1, . . . , K do

Re-initialization of the variable x
(k)
1 .

Define the replay gap, τk = B
2k .

Number of samples used in kth epoch Tk = 2k.

for t = 1, . . . , Tk do

Using the sample ξtτk
, perform one step of SA:

x
(k)
t+1 = arg min

x∈X
ηk〈F̃ (, ξtτk

), x〉 + 1
2
‖x − x

(k)
t ‖2 (4)

end for

end for

MER algorithm optimizes sample usage by keeping the “active” samples used

in the SA updates as far apart as possible.

Implementation of MER requires no mixing information.

Theorem (Convergence guarantees for MER):

Let {x
(k)
t+1} be generated by the MER method and σ̄2 be the effective noise level.

With proper parameters {ηk} and a condition on the buffer size B ≥ Õ
(

τML̄2

µ2

)
,

the deterministic error converges at a linear rate and we have the following two

regimes for the convergence of stochastic error:

1. τk ≥ τM : the stochastic error converges at the rate of O
(

σ̄2 log Tk

µ2Tk

)
.

2. τk ≤ τM : the stochastic error converges at the rate of O
(

σ̄2 log Tk

µ2Tk

(
τM

τk
+ 1

))
.

Epochs where the replay gap is greater than the effective mixing time the

MER algorithm recovers the i.i.d. rate of convergence for the stochastic error.

Epochs when replay gap is smaller than the effective mixing time MER

outperforms the standard Markovian SA in [1] by a multiplicative factor of the

replay gap τk.

Applications

GLMs: For finding an ε-optimal solution for signal estimation in GLMs, where ε
is the error, the required iteration complexity is:

O

max

(τM/τk + 1)L̄
2

µ2
f

log (‖x
(k)
1 − x∗‖2 + 1

ε
,
σ̄2(τM/τk + 1)

εµ2
f

log 1
ε

 .

Policy Evaluation in RL:We use MER algorithm for policy evaluation in RL with

function approximation. When the buffer size is large enough, MER

outperforms the well known TD-algorithm by a multiplicative factor of τk.

In both settings we are able to recover the i.i.d. rate of convergence for the

stochastic error from Markovian samples when τk ≥ τM .

These complexity bounds are nearly optimal, up to a logarithmic factor, in

terms of the dependence on ε.

Discussions and Future direction

Conclusion:

We proposed a novel MER algorithm to solve stochastic VIs in settings

where samples are drawn from a Markovian buffer.

MER demonstrates how “experience replay” heuristic from RL can be applied

in a provable and statistically efficient manner with dependent data.

Future Directions:

Provide optimal dependence on µ and L̄ by combining MER with operator

extrapolation [1].
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